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Abstract, The g-deformed thermo field dynamics is constructed and in terms of this
dynamics some statistical mechanical properties of a system of g-harmonic oscillators are

discussed.

'

1. Introduction

The study of exactly solvable statistical models has led to a new algebra, which is the
g-deformation of the universal enveloping algebras. These deformed algebraic struc-
tures are now usually called quantum groups [1, 2]. In the last few years, considerable
interest in mathematical physics has concentrated on the quantum groups and the
corresponding algebras.

Of particular interest is the boson realization of the quantum algebra in terms of
the g-analogue of the quantum harmonic oscillators, which plays an important role
in the study of quantum groups. Macfarlane [3], Biedenharn [4] and Sun [5] have
considered a new algebra of the creation and annihilation operators of bosons which
may be used to provide a realization of the quantum group SU,(2) in terms of the
g-analogue of the bosonic harmonic oscillators. The g-bosonic algebra is given, in
terms of a, a' and N, by

[a,a]=[a",a']=0
aat—qata=q™~ (1)

[N,a'1=a" [N, a]=-a

Here N is a number operator and the deformation parameter g is taken to be g> 0,
for simplicity.
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The g-Fock space is constructed as

(ah)"

([n]H*2

F={|n)= 0}, al0} =0, n=0,1,2,...} (2)

with [n]l=[n][n—1]...[2]1. The notation [x] is defined in terms of the deformation
parameter g as

:1-1L 3)
The actions of a', 2 and N on the number state [n} yield
a'lmy=[n+11"3n+1)
alny=[n]"*n—1) (4)
N|n)y=nl|n).
In the g-Fock space, there exist the identities
a‘a=[N] aa’=[N+1]. (5}

One can also discuss g-deformed fermionic oscillators [6, 7]. The eigenvalues of
the number operator N, for this case, can take on the values n =0, 1 only. The algebra
of g-fermionic creation and annihilation operators is

{b, b}={b", b} =0

bb'+ g b b=q" (6)
[N, b"=b" [N, b]=-b.
The actions of b', b and N on the state |n) yield

b'oy=]1)
bloy=0=b"1) (7)
Nln) = n|n)

with n =0, 1, and the identities
b'b=[N] bb*=[1-N] (8)

are satisfied.

For a system of g-deformed oscillators, since the usual commutation relations are
replaced by the g-deformed commutation relations given above, the physical properties
of the system should be affected by the deformation parameter g. The purpose of this
paper is to discuss some statistical mechanical properties of the g-deformed oscillator
system by using the g-analogue of the thermo field dynamics (TFD) constructed in the
next section.

The paper is organized as follows. In section 2 we shall briefly review TFD [8] and
also construct the g-deformed TFD (¢-TFD) analogue to the usual TrD. In section 3 we
shall investigate some statistical mechanical properties of a system of g-deformed
harmonic oscillators by using the g-analogue of TFD. Our results are discussed and
summarized at the end of the paper.
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2. The g-analogue of TFD

Before constructing the g-TFD let us briefly review TFp. The basic idea of TFD is quite
simple. As is well known, the ensemble average of an operator A is, by definition,

(Ay=Z7(B)T(Ae™P) 9)
where the partition function is
Z(B)=T,e”" (10)

and H is the Hamiltonian of the system. In quantum field theory, on the other hand,
the expectation value of an operator A is given by (0] A[0).

A natural question that arises is whether one can define a thermal vacuum |0(3))
such that the ensemble average of a quantity A can simply be written as a thermal
vacuum expectation value of the operator. That is,

(0(B)|AI0(B)) =Z7(B) T (A e™PH). (i1}

Equation (11) can be satisfied if one doubles the Hilbert space by introducing the
tilde states |Ai) and defines the thermal vacuum as

lo(8)y=2z"""(B) E exp(—BE,/2)|nf) (12)
with
iy = @ [00) n=0,1,2,... for bosons
(b")"(6)"|00) n=0,1 for fermions. (13)

Here a' and b' are the usual (not_v g-deformed) creation operators of bosons and
fermions, respectively, and d@" and b are the corresponding tilde operators. We may
then directly verify equation (11) as

(O(BYAlo(B)y=Z7'(B) § L expl~B(En + E,)/2Xiim|A|ns)
= Z_l(B) Z Z exp[ _B(Em + En)/2]<m|A[n>5mn

=Z7(B)T{A ™). (14)

The advantages of this method are that all the Feyman techniques of zero-
temperature field theory can be extended to this formalism. The price one has to pay
is to double the degrees of freedom by introducing fictitious tilde operators correspond-
ing to each physical operator. The tilde operators such as creation and annihilation
operators satisfy the same commutation (anticommutation) relations as the physical
ones and commute (anticommute) with them,

The thermal vacuum is normalized as

o(B)|0(B)=1. (15)

We now wish to construct the g-TFD analogue to the TFD reviewed above. The
crucial point is to define the g-deformed thermal vacuum |0(8)), in a consistent way.

Define
l0(8Y, = Z~"*(B) z exp(~BE,/2)|nf), =L (P,)*|nfi}, (16)
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where Z(f3) is the partition function and
= BXp(—BE,,) - eXP(‘BEn)
" Z(B)  Z,exp(—BE.)
denotes the probability of a state with energy E,. The g-Fock space is now given by
{| )= CHHCH
T [a

(17)

[00), n =0, 1,2,...} (18)

for the boson system and
{infiy,=(6")"(6")"|00), n =0, 1} (19)

for the fermion system. The operators a* and b' are now ¢ deformed and satis{y the
algebra given in equations (1) and (6), respectively. The operators & and 5" are the
tilde operators corresponding to the operators a“r and b'. The duality of the Hilbert
space requires that the tilde operators 4, 4" and b, b* satisfy the same algebra as the
corresponding non-tilde operators. That is,

[4,d)=[d",d"]=0

y

ad'—gd'd=q" (20)
[N, d=a" [N, d]=~d
for bosonic operators and

{6, 6}=1{b",56"t=0

BE +q 6 h=q"" (21)
(RE1-F (615

for fermionic operators.
The normalization condition leads to

(0(;6){0(6))q=§ §(Pm)*fz(P,,)’fZ(:ﬁmlnmq:z Y (P IVHP)5,, =5 P,=1. (22)

In order to give a detailed form of the g-thermal vacua for boson and fermion
systems, consider now a system of g-deformed harmonic oscillators, From the viewpoint
of second quantization, the energy of the , th excitation E, = muw, (# = 1), Thus we find

p ___eD(=BEL)
R o exp(—mBuwy)

for bosonic oscillators and
exp(—BE,) exp(—mpw,)
3L coexp(—mBuy)  1+exp(—PBuwy)

for fermionic oscillators.
Substituting P,, into equation (16) we find

=[1—-exp(—Bay)] exp(-npwy) (23)

P, =

(24)

10(BY) g = X (o) i)y = [1 - exp(—pw )1 L exp(—mBwy/2)|n i, (25)
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for the boson system and

[0(8)) = (Po ) |mic)y = [1+exp(—Bwi)1 ™2 5, exp(—mBu/2) i), (26)
1] L

for the fermion system.

Having defined the g-thermal vacua we can define further g-thermal creation and
annihilation operators through the Bogoliubov transformation. By the action of the
g-thermal creation operators on the g-thermal vacuum, a complete orthonormal set
of state vectors containing ]0(3)), as one of the members can finally be found. This
process is completely parallel to the corresponding process in TFD.

3. Statistical mechanical properties of the g-oscillator system

It is well known that the properties of a quantized physical system can be characterized
by the Hamiltonian of the system and the commutation relation of the field operators
or the creation and annihilation operators in the number representation. A natural
question that then arises is whether a system of free harmonic oscillators is still free,
or what will happen when the commutation relation is ¢ deformed. In order to
investigate this problem one can keep the free Hamiltonian of the oscillator system
and impose the g-deformed commutation relation on the system. Using the above
considerations we will discuss in this section some statistical mechanical properties of
a system of g-deformed harmonic oscillators,

Consider now a system of g-bosonic oscillators. The free Hamiltonian of the system
is chosen to be [9]

H =§ (l)ka (27)

where w, is the frequency (energy) of an oscillator in the kth level and N; is the
corresponding number operator.

3.1. The g-analogue of the statistical distribution
The g-analogue of the distribution function for ¢-bosonic oscillators can be found as

F(g) ={0(B)ala 0B, ={0(B)|[ N:1I0(B)},. (28)

By using g-thermal vacuum defined in the previous section we obtain

fil@) =T T (P, )P, )t [ Nl i)

myg Ny

=% X (Pmk)ljz(Pnk)!,2<mk][Nk]Ink>qamknk

My n

=% [m]P,. (29)

Substituting [m.]= (g™ —¢~™}/(g—q ') and P, given in equation (23) into equation
(29) one getst [10]

fila) =1_—jq_3(q__'-—$") ¥ {g™ exp(—nBw) — g™ exp(—mBw,)}
exp(Bw) -1 (30)

[ exp(—Bwy) — 11" exp(—Paw) 11

+ After submitting our manuscript, we became aware of the work of Altherr and Grandou [10]: their results
coincide with our equations (30).
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In order to clearly see the g-dependence of the distribution function, we set
Ing=vy or g=e". (31)
Then equation (30) becomes

exp(Ban) — 1

= ; 32
IO = e B + )~ 1lexp(Baon — ) 1] 6y
From equation (32) we see that when y—0, or g—+1,
. 1

that is, the familiar Bose-Einstein distribution is recovered for the distribution f(q).
In order to write the distribution function f(g) (see equation (32)) in a further
compact form we set
C, + C,
exp(Bor+v)—1 exp(Box—7y)-1
_[Ciexp(—7) + Gy exp(y)] exp(Bwi) = (Ci + C3)
[exp(Ben + ¥} —1][exp(Bw, — v) —1]

where the coefficients C; and C, are constants to be determined. Comparing equation
(34) with equation (32) we find

flg)=

(34)

Cie™"+Cre"=
1€ 2€ (35)

C; + 02 =1.

The solution of equation (35) is
e’—-1 g-1 1-e”” 1—-g7!
= = = = . 36

C=a e g-q" G q-q~} (36)

So we finally find the distribution function
C C.
filq) : : a7

= explBlnt /BN -1 explBlwe—7/B)]-1

where C, and C; are given by equation (36).

We see from our result (equation (37)) that the deformation parameter ¥ appears
in the distribution of g-bosonic oscillators as an exponential factor exp{£vy) due to
the g-deformed commutation relation. The 'g¢-perturbation’ leads to the energy shift
+v/ B of the harmonic oscillators. The distribution function is now divided into two
parts: one with energy o, -+ (y/B) and the other with energy w, —{¥/8). The require-
ment g >0 guarantees the weights of the distribation C,, C;>0and C+ (=1,

It is worth noticing that the g-dependence of the distribution function is contributed
to only from those states 7 =2, as seen from equation (29). This fact implies that the
deformation parameter y reflects, in this case, the interaction between the particles in
the same state. This suggests to us that in the system of g-fermionic oscillators the
factor exp(&vy) could not appear in the distribution function since n=0, 1 only for
the fermion system. We can verify this conclusion through direct calculation. The



Statistical properties of the g-oscillator system 5203

distribution function of g-fermionic oscillators is

fi(q) = O(BbLBO(BY g = T, P (m|blbilndg = (1P, = P, (38)

ny

since n=0,1 only. So we get, by using equation {24),

1

ﬁc(Q)=P|=W=

Jr- (39)
3.2. The law of detailed balancing [11]

The g-dependence is contained also in the statistical average of [1+ N, ]= a.a} of the
boson system. The statistical average of [1+ N,] is

1+ NI =B 1+ NedI0(B)g = Poml[1+ N Jlnd o =T [me+11P,, . (40)
with
[n N 1] N an+1 —q"(”k'H) (41)
k - q _q—l

where { ... )» denotes the statistical average.
Substituting equations (23) and (41) into equation (40) we obtain

_ exp(Buw,) -1 =
{1+ N J» (2 oxp(Ban) - 1Tq" " exp(Ban) —1] exp(Bw,) ={[ N ]} exp(Bw,)  (42)
or
RN I
TSR “®
When g - 1, equation (43) reduces to
NS fe exp(—Bar) (44)

Q+NY 1+4

and so we are led to the law of detailed balancing.

3.3. Black body radiation

An assembly of photons is the simplest example of a boson system of independent
particles. Photons are quanta of a radiation field, and so black body radiation can be
regarded as a system of bosonic oscillators.

Consider now the g-photons which are continuously being absorbed and emitted
by the walls of a cavity. The energy distribution of the black body radiation is wf{q),
where f(q} is given by equation (37). The energy of a radiation field per unit volume,
which is in the frequency range between w and o +dw, is then given as .

tg(w, B) dus = g(w)ef(g) dw
3 .
= oiaf(g)do (45)
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with the frequency spectrum
2

[
glo)= o (46)
So we obtain the Planck’s law of radiation for the g-photon system:
w® o C; )
= + d
iy, ) dw C’rn’ (exp(ﬁw+“y)—1 exp(Bo—7)-1/ “7)

We see from equation (47) that when y -0, u,(w, B) reduces to the usual Planck’s
law of radiation:

1 widew
C*n? exp(Bw)—1"
The black body radiation of the g-boson system has also been discussed in [12]

and {13]. In [12], the free Hamiltonian of the system has been g deformed, as well as
the oscillator algebra, and so the results are different from ours.

u(w, B) = (48)

3.4. The specific heat T

From equation (47) one can find the total energy of black body radiation. Note that
the notation [x] is invariant under the duality transformation g«> g7}, i.e. y& —v. So
we can restrict g in the region 0 <g <1 and hence y <0. Then the distribution function
Je(g) can be written as

C, , C,
exp[B(w—|¥//B)-1 exp[B(w+|vl/B)]1-1"

The distribution function f(g) is positive defined only when > |v|/8. Thus the
total energy is

flg)= (49)

1 «© C] Cz _ 3
“lB) = L.,,; (s a= etaa i) e
=6CK3—: (G @)+ Cofie™, 4)) (50)

where K is the Boitzmann constant. The {-function and modified /-function are given,

respectively, by
4

m
{(4)= %0
(51)
w g2
(e, 4)= T —
=1 n
So the specific heat per unit volume is
T) 24K*T -
(g =24 2R iy + Care, 4) R

dT =~ C#
which is proportional to T° as usual.

+ Recently, we became aware of [14], in which the Debye law of the specific heat for g-bosons has been
discussed.
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If we assume the ‘g-perturbation’ is small enough, i.e. |y| is small, then
Cul(4)+ Cot(e™, 4) = 1 () + LA = 2[¥)E 3D = £(4) = |¥12(3).  (53)
So the total energy and speciﬁc heat simplify to

u,{T) = (5(4) i (30

CS!

Clg)= 24" o UORITHEN

(54)

When y =0, these results reduce the total energy and specific heat of per unit volume
for the black body radiation [11] to

KT
“D="g5ce

472 KT (55)
Cv(T)=W

4. Concluding remarks

The statistical mechanical properties for a system of g-harmonic osciltators have been
discussed by keeping the free Hamiltonian of the system and imposing g-deformed
commutation relations. The results show that the deformation parameter y appears as
an exponential factor exp(+y) in the distribution and the energy of the free g-bosonic
oscillators has been shifted =(y/B8) due to the ‘g-perturbation’. The commutation
relation (1) is obviously a simple peneralization of the vsual commutation relation,
but it is not inconceivable that such a structure could emerge as a manifestation of a
dynamic symmetry.
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