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Abstract. The q-defonned thermo field dynamics is constructed and in terms of this 
dynamics some statistical mechanical properties of a system of q-harmonic oscillators are 
discussed. 

1. Introductiou 

The study of exactly solvable statistical models has led to a new algebra, which is the 
q-deformation of the universal enveloping algebras. These deformed algebraic strue 
tures are now usually called quantum groups [l, 21. In the last few years, considerable 
interest in mathematical physics has concentrated on the quantum groups and the 
corresponding algebras. 

Of particular interest is the boson realization of the quantum algebra in terms of 
the q-analogue of the quantum harmonic oscillators, which plays an important role 
in the study of quantum groups. Macfarlane [3], Biedenham [4] and Sun [SI have 
considered a new algebra of the creation and annihilation operators of bosons which 
may be used to provide a realization of the quantum group SU,(2) in terms of the 
q-analogue of the bosonic harmonic oscillators. The q-bosonic algebra is given, in 
terms of a, a' and N, by 

[a, a ]  = [ a + ,  a'] = 0 

aa'-qata=q-N 

[N, a'] =at [ N , a ] = - a .  

Here N is a number operator and the deformation parameter q is taken to be q > 0, 
for simplicity. 

*This work is supported in part by National Natural Science Foundation of China, 
11 Address for wrrespondence. 
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The q-Fock space is constructed as 

with[n]!=[n][n-l] ... [2]1.Thenotation[x]isdefinedintermsofthedeformation 
parameter q as 

The actions of a', a and N on the number state In) yield 

a'ln)= [n+ 1 ] ' / 2 1 n + ~ )  

a In) = [ n]'/21 n - I) (4) 

Nln)= nln). 

In the q-Fock space, there exist the identities 

a ' a = [ N ]  aut =[ N +  1 3 .  ( 5 )  

One can also discuss q-deformed fermionic oscillators [6,7]. The eigenvalues of 
the number operator N, for this case, can take on the values n = 0, 1 only. The algebra 
of q-fermionic creation and annihilation operators is 

{b, b}={b' ,  b'}=O 

bb'+ q-'btb = q-N 

[N,b ' ]=bt  [ N, b]  = -b. 

The actions of b', b and N on the state In) yield 

b'lO)=Il) 

b10)=0= b'll) 

Nln)=nln)  

with n = 0, 1 ,  and the identities 

b'b = [NI  bb' = [ l  - NI 

(7) 

are satisfied. 
For a system of q-deformed oscillators, since the usual commutation relations are 

replaced by the q-deformed commutation relations given above, the physical properties 
of the system should be affected by the deformation parameter q. The purpose of this 
paper is to discuss some statistical mechanical properties of the q-deformed oscillator 
system by using the q-analogue of the thermo field dynamics (TFD) constructed in the 
next section. 

The paper is organized as follows. In section 2 we shall briefly review TFD [8]  and 
also construct the q-deformed TFD ( q - T F D )  analogue to the usual TFD. In section 3 we 
shall investigate some statistical mechanical properties of a system of q-deformed 
harmonic oscillators by using the q-analogue of TFD. Our results are discussed and 
summarized at the end of the paper. 
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2. The q-analogue of TFD 

Before constructing the (I-TFD let us briefly review TFD. The basic idea of TFD is quite 
simple. As is well known, the ensemble average of an operator A is, by definition, 

( A ) = Z - ' ( p ) T , ( A  e-BH) (9)  

z (@)  = T, e+' (10) 

where the partition function is 

and H is the Hamiltonian of the system. In quantum field theory, on the other hand, 
the expectation value of an operator A is given by (OlAlO). 

A natural question that arises is whether one can define a thermal vacuum IO(@)) 
such that the ensemble average of a quantity A can simply be written as a thermal 
vacuum expectation value of the operator. That is, 

(O(P)lAIO(P))=Z-'(P)T,(A e-PH). (11) 

Equation (11) can be satisfied if one doubles the Hilbert space by introducing the 
tilde states 16) and defines the thermal vacuum as 

Io(P)) = z - " 2 ( ~ )  exp(-PEn/2)ln$ (12) 

with 

n = 0, 1,2, . . . 

(bt)"(c')"106) n=O,1  for fermions. 

for bosons 

(13) 

Here at and bt are the usual (not q-deformed) creation operators of bosons and 
fermions, respectively, and it and it are the corresponding tilde operators. We may 
then directly verify equation (11) as 

(O(P)IAlO(P))= Z-'(P) C Cexp[-P(E,+E,)/2l(liimlAln6) 
m n  

The advantages of this method are that all the Feyman techniques of zero- 
temperature field theory can be extended to this formalism. The price one has to pay 
is to double the degrees of freedom by introducing fictitious tilde operators correspond- 
ing to each physical operator. The tilde operators such as creation and annihilation 
operators satisfy the same commutation (anticommutation) relations as the physical 
ones and commute (anticommute) with them. 

The thermal vacuum is normalized as 

(O(P) lO(P) )=  1. (15) 

We now wish to construct the Q-TFD analogue to the TFD reviewed above. The 
crucial point is to define the q-deformed thermal vacuum IO(@)), in a consistent way. 

Define 
~ o ( P ) ) ,  = ZTP) exp(-~E,/2)ln<), = E  (P,)'/*ln~), (16) 

n 
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where Z(p)  is the partition function and 

denotes the probability of a state with energy E,. The q-Fock space is now given by 

I (a')" (6')" 
In;), = lo@, n = 0, 1,2,. . . I [nl!  

for the boson system and 

{ln;)q=(bt)"(6t)"10bX n =0,1) 

for the fermion system. The operators a t  and b' are now q deformed and satisfy the 
algebra given in equations (1) and (a), respectively. The operators it and b' are the 
tilde operators corresponding to the operators a' and bt. The duality of the Hilbert 
space requires that the tilde operators Ci, it and 6, 6' satisfy the same algebra as the 
corresponding non-tilde operators. That is, 

[ a. a] = [ i t ,  i t ]  = 0 

ad'-q;'a ,q-* 

[fi, 5'1 = [ fi, a] = -a 
for bosonic operators and 

{6, 6} = {6+, 6t} = 0 
ggt+q-16tg= q-fi 

[S, 6+1= E7 [ fi, 61 = -6 
for fermionic operators. 

(o(p)lo(p)),=z (pm)1'2(p")1/2(~mln;)~~1 1 ( ~ ~ ) ' / ~ ( ~ ~ ) ~ ' ~ 8 ~ ~ = 1  P, = I .  (22) 

The normalization condition leads to 

m n  " z "  n 

In order to give a detailed form of the q-thermal vacua for boson and fermion 
systems, consider now a system of q-deformed harmonic oscillators. From the viewpoint 
of second quantization, the energy of the nkth excitation Ek = n*wk( A = 1). Thus we find 

for bosonic oscillators and 
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for the boson system and 

IO@)), = 1 (pmh)l'zlnkik),, = [ I  +exp(-flwt)l-'" c exp(-n&wh/2)ln&), (26) 

for the fermion system. 
Having defined the q-thermal vacua we can define further q-thermal creation and 

annihilation operators through the Bogoliubov transformation. By the action of the 
q-thermal creation operators on the q-thermal vacuum, a complete orthonormal set 
of state vectors containing l O ( f l ) ) ,  as one of the members can finally be found. This 
process is completely parallel to the corresponding process in TFD. 

3. Statistical mechanical properties of the q-oscillator system 

It is well known that the properties of a quantized physical system can be characterized 
by the Hamiltonian of the system and the commutation relation of the field operators 
or the creation and annihilation operators in the number representation. A natural 
question that then arises is whether a system of free harmonic oscillators is still free, 
or what will happen when the commutation relation is q deformed. In order to 
investigate this problem one can keep the free Hamiltonian of the oscillator system 
and impose the q-deformed commutation relation on the system. Using the above 
considerations we will discuss in this section some statistical mechanical properties of 
a system of q-deformed harmonic oscillators. 

Consider now a system of q-bosonic oscillators. The free Hamiltonian of the system 
is chosen to be [9] 

nl "* 

H=Zw,N, (27) 
h 

where wk is the frequency (energy) of an oscillator in the kth level and Nk is the 
corresponding number operator. 

3.1. The q-analogue of the statistical distribution 

The q-analogue of the distribution function for q-bosonic oscillators can be found as 
h(q) =(o(p)la:aklo(p))q =(O(P)l[NkllO(P))q. (28) 

By using q-thermal vacuum deEned in the previous section we obtain 

t After submitting our manusnipt. we became aware of the work of Altherr and Grandou [IO]: their results 
coincide with our equations (30). 
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In order to clearly see the q-dependence of the distribution function, we set 

l n q = y  or q = eY. (31) 

Then equation (30) becomes 

From equation (32) we see that when y+O, or q +  1, 

that is, the familiar Bose-Einstein distribution is recovered for the distribution fk(q) .  
In order to write the distribution function f * ( q )  (see equation (32)) in a further 

compact form we set 

(34) - - [Cl exp(-y)+C2exp(y)l e x p ( p d - ( C l + C 2 )  
[exp(po~+u)-ll[exp(pw*-r)-11 

where the coefficients C1 and C2 are constants to be determined. Comparing equation 
(34) with equation (32) we find 

C, e-"+ C2 ey = 1 

c1 + c, = 1. 

The solution of equation (35) is 

(35) 

So we finally find the distribution function 

(37) c2 + 
where C, and C, are given by equation (36). 

We see from our result (equation (37)) that the deformation parameter y appears 
in the distribution of q-bosonic oscillators as an exponential factor exp(*y) due to 
the q-deformed commutation relation. The 'q-perturbation' leads to the energy shift 
*y/p of the harmonic oscillators. The distribution function is now divided into two 
parts: one with energy ok + (y/p)  and the other with energy ok - (-y/p). The require- 
ment q > 0 guarantees the weights of the distribution C1, C, > 0 and C1 + C, = 1. 

It is worth noticing that the q-dependence ofthe distribution function is contributed 
to only from those states na2 ,  as seen from equation (29). This fact implies that the 
deformation parameter y reflects, in this case, the interaction between the particles in 
the same state. This suggests to us that in the system of q-fermionic oscillators the 
factor exp(*y) could not appear in the distribution function since n =0, 1 only for 
the fermion system. We can verify this conclusion through direct calculation. The 

Cl 
exp[p(wk+r/P)l-l exp[P(w~-r /P)l - l  h(q)= 
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3.2. The law of detailed baiancing [ l l ]  

The q-dependence is contained also in the statistical average of [l + Nk] = aka: of the 
boson system. The statistical average of [ 1 + Nk] is 

al+Nk1))=(0(8)1[1+ Nkl lO(P) ) ,  = E  P.,(n*l[l +Nklln*),=E [n*+ lIP", (40) 

with 
"!. "U 

where (( . . . )) denotes the statistical average. 
Substituting equations (23) and (41) into equation (40) we obtain 

When q + 1, equation (43) reduces to 

and so we are led to the law of detailed balancing. 

3.3. Black body radiation 

An assembly of photons is the simplest example of a boson system of independent 
particles. Photons are quanta of a radiation field, and so black body radiation can be 
regarded as a system of bosonic oscillators. 

Consider now the q-photons which are continuously being absorbed and emitted 
by the walls of a cavity. The energy distribution of the black body radiation is wf(q) ,  
wheref(q) is given by equation (37). The energy of a radiation field per unit volume, 
which is in the Frequency range between w and w + dw, is then given as 

U q ( 0 ,  P )  dw = g ( w ) w f ( q )  dw 
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with the frequency spectrum 

So we obtain the Planck's law of radiation for the q-photon system: 

U,,(-, p )  d o  =- C* + cz ) d o  (47) 
exp(po + y )  - I exp(po - y )  - 1 

We see from equation (47) that when y + 0, uq(o, p )  reduces to the usual Planck's 
law of radiation: 

The black body radiation of the q-boson system has also been discussed in [I21 
and [13]. In [12], the free Hamiltonian of the system has been q deformed, as well as 
the oscillator algebra, and so the results are different from ours. 

3.4. The speci$c heat 1 

From equation (47) one can End the total energy of black body radiation. Note that 
the notation [XI is invariant under the duality transformation q o q - ' ,  i.e. yt*-y. So 
we can restrict q in the region 0 < g < 1 and hence y < 0. Then the distribution function 
&(q)  can be written as 

The distribution function f ( q )  is positive defined only when w > Iyl/p. Thus the 
total energy is 

where K is the Boltzmana constant. The c-function and modified &function are given, 
respectively, by 

So the specific heat per unit volume is 

which is proportional to T3 as usual. 

t Recently, we became aware of [14], in which the Debye law of the specific heat for q-bosons has been 
discussed. 
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If we assume the ‘q-perturbation’ is small enough, i.e. IyI is small, then 

C,5(4)+ C~5(~-”~’,41=~5.(4)+f(5(4)-21rI5(3)) = ! ~ ~ ) - I Y I L ( ~ ) .  (53) 
So the total energy and specific heat simplify to 

When y = 0, these results reduce the total energy and specific heat of per unit volume 
for the black body radiation [ll] to 

3T2K’P 
15C3 

4r2K ‘T3 

u ( T ) =  

CAT)= 15c3 

(55) 

4. Concluding remarks 

The statistical mechanical properties for a system of q-harmonic oscillators have been 
discussed by keeping the free Hamiltonian of the system and imposing q-deformed 
commutation relations. The results show that the deformation parameter y appears as 
an exponential factor exp(;ty) in the distribution and the energy of the free q-bosonic 
oscillators has been shifted * ( y / P )  due to the ‘q-perturbation’. The commutation 
relation (1) is obviously a simple generalization of the usual commutation relation, 
but it is not inconceivable that such a structure could emerge as a manifestation of a 
dynamic symmetry. 
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